KHALIFA UNIVERSITY OF SCIENCE, TECHNOLOGY AND RESEARCH
MATH 204-LINEAR ALGEBRA- SPRING 2013
Home Work with Solutiong- 24 March, 2013
Submissions Due on 1 April, 2013
1. Find a initial pointP with terminal pointQ(3,0,-5) such that
a. Pb is equal tov=(4,-2,~-1)
b. Pb is equal tov = (4,-2,- 1) with oppositely directed.

Sol)
a) Let P =(x,y,z) be the initial point of the desired vector.

PQ=(3-x, 0-y, -5z)= (4, -2, -1 Thus,P =(-1,2,-4).

b) Let P = (x,y,z) be the initial point of the desired vector.

PQ=(3-x, 0-y, -52Z)=- (4, -2, -1 Thus,P =(7,-2,-6).

2. Letu=(-3,1,2,4,4, v=(4,0,-8,1,2, andw = (6,-1,-4,3;- 5. Find the components
of the vectox that satisfies the equati@u+v+x=6x+w.

Sol) Let x = (X, X,,X3,X,,X5). Then
2(-3,1,2,4,4% (4,0; 8,1, 2) X( X, Xg Xy Xg T B X, X,3 X,y Xg+) (6,-8,3-5).
If we equate the components of these two vectoesphtain

—2+X% =6x,+6

2+X,=6x,—-1

—4+ X, =6X,— 4

9+x,=6x,+3

10+x, = 6x,— 5

83 .6
Therefore,x = (X, X,, X5,X,,Xs)= (= ,—,0=,3.
(X:I. 217%31 724 5) (5 5 5
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3. Show that there do not exist scalaysc,,c, such that
¢ (-2,9,6)0+c, €3,2,1}c, (,7,5 (0,5,

Sol) Suppose there are scalarscg and g which satisfy the given equation. If we equate
components on both sides, we obtain the followysiesn of equations:
20— +c3=0
9 +20,+7c3=5
6ci+C+5c3=4

The augmented matrix of this system of equatiomsbeareduced to

2 3 -1 O|R=-2R+3R;| 2 3 -1 QR,=-R, 23-1
Ry=-3R+Ry

Ry=-8R,+Rs

9275 - 0-11 - 01-1 -
615 4 0-88 00 O0-XL.

The third row of the above matrix implies that 8d0¢ + 0g = —12. Clearly, there do not
exist scalars¢ ¢, and g which satisfy the above equation, and hence teeeByis

inconsistent.

4. Let v=(0,2,-6,3) Find all scalark such thaf|kv| =14.

Sol) Sincekv = (0, 2k ,~ 6, X ), then||kv| = v/4k? + 362 + K2 =+ 4%2 =|K] 7

If |kv]| =14, it follows that7|k| = 14, sok=2 and -2.

5. Find a unit vector that has the same directiothagiven vector.
a. u=(3,-4)
b. v=(3,6,-2)

Sol) a) Sinceu||=+v9+16= 5then” J (2’ f’j
b) Since|[v| = O+ 36+ 4= 7, then-— v (3,9,-_2j

||v|| 777
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6. Let p, =(X, Yo Z,) @andp =(x,y,z). Describe the set of all points (x,y,z) for which
”p_pou =1

Sol) Note thaflp —p,| =1 if and only if [p —p,|* =1. Thus
(X_Xo)2 +(y- YO)Z +(Z_Zo)2 =1
The points (X, y, z) which satisfy these equatiaresjust the points on the sphere of radius

1 with center (¥ Yo, 20); that is, they are all the points whose distadnae (xo, Yo, 2) is 1.

7. Letu=(2,-1,3)andv =(4,—-1,2). Find the vector component ofalongv and the
vector component af orthogonal tov.

Sol) The vector component ofalongv is

. UV 2*4+(—1)*(—1)+3*2 (20 5 1(3
roju = V= =—(4,-1 ;
POV F (-1 + 2 G Tt
The vector component aforthogonal tor
. (20 5 10}_( 6 2 13
u—pro;vu:u— — |=| = = —1.
|| || 777 7 77

8. Determine whether the vectors form an orthogonal se
av,=@1,2),v,= 21
b)v,=(2,4),v,= (12
c)Vv,=(13-1),v,= £2,2,4)v,= (14 2t
d)v,=(5,-1,2),v,= €1,2,3)v,= (4 1
Sol)
a. v,ev, =(1*-2)+(1*2) =0, Orthogonal set

b. v,ev, =(2*-1) +(4*2) =8, Not orthogonal set
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C. Vv, =(1*-2)+(3*2)+(1*4) =0, v,»v, =(1*14)+ (3*-2)+ (-1*8) =0,
V,eV, =(-2*14) + (2*-2) + (4*8) = 0, Orthogonal set

d. v,ev, =(5*-1) +(-1*2) +(2*3) = -1, v,sv, = (5*4) + (-1*-1) +(2*2) = 25,
V,eV, =(-1*4) +(2*-1) +(3*2) =0, Not orthogonal set

9. Show that ifv is orthogonal to botlw, andw,, thenv is orthogonal takw, + k,w , for

all scalarsk, andk,.

Sol) Note that ¢ (kyw; + kowy) = ky(v * wi) + kx(v » wy) = 0 because, by hypothesis, w; =
v * W, = 0. Therefore is orthogonal td;w; + kow, for any scalarg; andk,.

10.Letu=(3,2,-1), v=(0,2,-3), andw =(2,6,7).Compute the indicated vectors
a) Vw
b) (uxv)xw

C) ux(v—2w)

2 - 0-3/0 .
Sol) a.vxw = ,= , =(32,-6-4
6 2 2

b. Since(uxv) =(‘§ j—‘i H 3 Q= (-4,9,6). We have

9 -4 6| -4 |
(UXV)XW_UB j—‘ 5 ﬂ 5 g—(27,40,— 42.

c. Since(u-2w)=(0,2,- 3)- (4,12,14F { 4 16, 1. We have

2 - 3 -1 3
u><(v—2w)=U_10 _J,—‘ 4 1H 4 J@= (—-44-10; 17.
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11.Determine whether the given set of vectors is lilygadependent or linearly dependent.

1 2
a. v, = 2} andyv, {3}

2 (4 1
b. u={1 |,u,={4|, andu,=|1
| -3 0 0
1 O|R-R-2R,| 1 0_ - Ri+2R,| 1 Ryl 110
Sol) a. A0] o e o P e | , Only trivial solution, thugv;,v,}
230 0-10 0L 0|1
is linearly independent.
b.
2 4 jrowz 1 41 nomm 1 4|192H_%R2 1 4 %Eﬁ%zl 0 00
1 4 10 -] 2 4|1p - 0 -4/-10- 0 1|140- |0 1 1/4
-30 00 -30 [0 0 12|30 02130 0 0 0

Thus, thugu,,u,,u;} is linearly dependent since there are solutioraliition to the trivial

solution. For examplex, =0,x, = —% Xy = 1.

12. Determine which of the following are subspacedRdf
a. All vectors of the form (a, 0,0)
b. All vectors of the form (a,1,1)
c. All vectors of the form (a,b,0)

Sol).

a) The set is closed under vector addition becgys® 0) + (b, 0, 0) = (a + b, 0, 0).
It is closed under scalar multiplication besek(a, 0, 0) =Ka, 0, 0). Therefore, it is a
subspace of R3.

b) This set is not closed under either vector &altibr scalar multiplication.

For example, (a,1,1) + (b, 1, 1) = (a + b, 222 (a + b, 2, 2) does not belong to the set.

Thus it is not a subspace.

c) This set is closed under vector addition becéabebl, 0) + (a2, b2, 0) = (al + a2, b1 +
b2, 0). It is also closed under scalar multiplicatbecaus&(a, b, 0) = ka, kb, 0).
Therefore, it is a subspace of R3.
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13.Let A andB be 4x5 matrices and I€, D andE be 5x2, 4x2 and 5x4 matrices,
respectively. Determine which of the following matexpressions are defined. For those
that are defined, give the size of the resultingrixa
a. BA, AC+D, AE+B
b. AB+B, E(A+B), E(AC)

Sol)
a) B,,A ,,s: Because the number of column in B is not equéhéonumber of row in A, this

matrix is not defined.
A, :Cnt D, 4X2 matrix is defined.

A, Es. B, The matrix is not defined.
b) A,,:B..*B s The matrix is not defined.
Es (A, B 40 5x5 matrix is defined.
E...(A,C:.): 5X2 matrix is defined.

14.Show that ifAB andBA are both defined, thelB andBA are square matrices.

Sol) LetA andB definemxn andpxq matrices, respectively. IA is defined, it implies

mxn B pxq

thatn=p. Similarly, if B A . is defined, it implies thag=m. Thus,A B . =C_ ., Which
is square matrix (sinag=m). As same wayB , A, =D, is square matrix (sinae=p).
. . [(a=-b b+c 8 1
15. Solve the following equatio - =0.
d+c 2a-4 7

sol) a-b b+c ) (8 1)_{a-b-8 b+c-1) (O
3d+c 22-4) \7 6§ | d+c-7 @a-ad- | O
Thus,a—-b-8=0, b+c-1=0, 3d+c—7=0,and2a-4d-6=C

Therefore, a=5, b=-3, c=4, and d=1.

16. Express the following system of equations

2% +4x,— 2X;— 2= C
3X +5x, -5, =1
%+ =-2
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X
in the matrix expression of the fordx =b, wherex =| x, |. Write down the matriceA

X
andb.

Sol) The matrix expression of the forAx =b is as follows;

o w N

N O

N
a1 N

XXX
|

I = N

N

2 4 -2
Therefore, A={3 5 -5/ andb=|1 |.
0 2 1 -2

17.Prove that(AB)T =B'AT.

Sol) Theijth entry of BTAT is the scalar product of tléa row of B with thejth column of

A" . In particular, théth row of BT is [b;,b,,...,b.] (theith column ofB), whereas thih
a;,

a.
column of AT is| 2| (thejth row ofA). Therefore, théjth entry of B"AT is given by

a

n

n n n
bya;; +b,a,,+---+bya, =Y ba, . Finally, sinced"b;a, = a,h,, theijth entries of
k=1 k=1 k=1

(AB)" andB'A™ agree, and the matrices are equal.

18.Let A andB 2x2 matrices such tha?* = AB and A #0. A student proof that if
A? = AB thenA =B. The proof is given below: Sinc&* = AB, A>—AB =0 which
implies A(A-B)=0. SinceA £0, it follows that(A -B) =0. Therefore,A=B. Is
this proof correct?
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Sol) No. WhenA(A -B) =0 with A #0, it does not always imply thdA —B) =

o} 12 (6

0. For

1 3
19. Let a=[2j andb =[4j, Find x :[2] such thatx" (a+b) =12 andx'a=2.

R i e

Thus, 4x, + 6x, = 12 and x, + 2x, = 2. Therefore,x, =6, x, =-2

11
20.Let A = andx = X . Show thatx"Ax = 0.
11 X,

o Ax=[ ][5 3% = e 2 J= el e

Therefore,[ (X, + X,) + X,(X;+ X)] = X2 +2X X ,+ X5=(X #+x )220,

3 4
21.Let A be an invertible matrix whose inverse(iSS 6) Find the matrix A.

Sol) LetA define A = (i

CO O dEe ma-a )

Therefore, a=-3, b=2, c=5/2, and d=-3/2.

b i . . . )
d]' SinceA is an invertible matrixAA™ =1 . Thus,

22.Find the inverseoco,se Sird .
-sind co¥
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cosd sif A= 1 cosy -si) ( cof -sth
-siné cod ) cog @+ sirf@\ sin@ co¥ si® cad

Sol) Let A :(

23.Assume thaA is a square matrix and which satisfi@é-3A +1 =0. Show that
A7 =3 -A.

Sol) A*=3A+1 =0~ ATAA-3ATA+A™1 =AT'0 Multiply A to each term.

IA-3+A™*=0. Therefore A7 =3l -A.

24.Prove that ifA is invertible andAB =0, thenB =0.

Sol) SinceA is invertible, it is possible thax"AB=A"0 =>IB=0 => B =0.

25.Let A is square matrix and assumg=3A%-3A +| . ExpressA* in terms of A%, A,
andl.

Sol) A“=A°A=(BA%-3A+I1)A=3A°-3A’+A=3(RA’- A+l > A%+A
=3(3A%-3A+1)-A*+A=A’- A+ 3.

1 6 4

26.Show that the given matrix is not invertibl&d =| 2 4 -1
-1 2 5

Sol) Using row operations to find ™,

16 4:10
2 4-1: 01
-125: 00

16 4: 100
2-8 -9: -21Q Added -2 times the first row to the second andkadhe first row to

089: 101
the third.
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16 4100

0-8 -9: -21Q: Added the second row to the third.
000: -11

Since we have obtained a row of zeros on theilddt A is not invertible.

¢ 1 b2
27.Evaluate the determinants (@gt(A)=|-2 -4 f, (b) det(B)=1 0 2
5 4 -
200
31
Sol). (a)det(A)=|-2 -4 432 + y 2 H 4 (I 1y H-
' _5 A 4 5 - 5 |4

(b) To find det(B) it will be easiest to use cofactxpansion along the second column since
it has the most zeros:

1004 .
312
det®)=| O =112

20
2 00

For the 3x3 determinant, it will be easiest to csfctor expansion along its second
column since it has the most zeros:

1 -1
det(B)—lG—%z ) ‘_—2(} 2F - ¢

28.For which value(s) ok does the matri{

j fail to be invertible?

Sol) Since the given matrix fail to be invertibiegmplies that its determinant is zero.

det(A)= k- 3)k—- 2 4= C, k?~5k+2= 0. Thereforek = > 225_ 8- &;/T7.
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29. Assume thaf is 4x4 matrix and de¥)=4. Find
(a) det(3A) (b) det(2A™) (c) det((2A )*).

Sol)

a) By basic properties of determinantietk A) = k" det(A)), det(3A )= 3 detd F 32.

b) By basic properties of determinantie{(A™*)= 1 ),
det(A)
1
det(?2A™)= 2 detA™ F 16*=——= .,
(2A™) R F det(A)
1 1 1

©) Qe A ) )= G on )™ Z vdetd ) 64
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